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Abstract. A quasitoric manifold M is a 2n-dimensional manifold which ad- 
mits an action of an n-dimensional torus which has some nice properties. 
We determine the isomorphism type of a maximal compact connected Lie- 
subgroup G of Homeo(M) which contains the torus. Moreover, we show that 
this group is unique up to conjugation. 



1. Introduction 

A quasitoric manifold is a smooth connected orientable 2n-dimcnsional manifold 
M with a smooth action of an n-dimensional torus T such that: 

• The T-action on M is locally standard, i.e. the T-action is locally modelled 
on the standard T-action on C n . 

• If the first property is satisfied, then M/T is naturally an n-dimensional 
manifold with corners. We require that the orbit space of the T-action on 
M is face-preserving homeomorphic to an n-dimensional simple polytope. 

Quasitoric manifolds were introduced by Davis and Januszkiewicz [T] in 1991. A 
symplectic 2n-dimensional manifold with an hamiltonian action of an n-dimensional 
torus is an example of a quasitoric manifold. We call such a manifold a symplectic 
toric manifold. 

In this paper we construct a maximal compact connected Lie-subgroup of the 
homeomorphism group of M which contains the torus T. To be more precise, we 
have the following theorem. 

Theorem 1.1. Let M be a quasitoric manifold. Then there is a compact connected 
Lie-subgroup G o/Homeo(M) which contains the torus T such that: 

(1) G acts smoothly on M for some smooth structure on M . 

(2) If G' C Homeo(Af) is another compact connected Lie-subgroup which con- 
tains the torus T and acts smoothly on M for some smooth structure on 
M , then G' is conjugated in Homeo(M) to a subgroup of G. 

(3) If the G- and G' -actions are smooth with respect to the same smooth struc- 
ture on M, then G' is conjugated in Diff(Af) to a subgroup of G. 

(4) If M is a symplectic toric manifold, then G is conjugated in Homeo(M) to 
a subgroup of the symplectomorphism group of M . 

A smooth structure on M for which the G-action from the above theorem is 
smooth can be described as follows. By Theorem 5.6 of [4] the T-equivariant smooth 
structures on M correspond one-to-one to smooth structures on the orbit space 
M/T. The G-action is smooth for the T-equivariant smooth structure on M for 
which M/T is diffeomorphic to a simple polytope. 

In this paper all actions of compact Lie-groups on manifolds M are smooth with 
respect to some smooth structure on M . 
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This article is organized as follows. In section[3]we review some basic facts about 
quasitoric manifolds and introduce an automorphism group for the characteristic 
pair corresponding to a quasitoric manifold. In section [3] we construct the group G 
from Theorem 11.11 In section [4] we review the classification of quasitoric manifolds 
with G-action up to G-equi variant diffeomorphism given in [5 . Moreover, we give a 
classification of these manifolds up to G-equivariant homeomorphism. In section [S] 
we apply the results of the previous section and show that the group G has the 
properties described in Theorem ll.il 

2. Characteristic pairs and their automorphism groups 

Let M be a 2?i-dimensional quasitoric manifold, P its orbit polytope and tt : 
M — > P the orbit map. Denote by $(M) the set of facets of P. We write also # 
instead of $(M) if it is clear from the context which quasitoric manifold is meant. 
Then the preimage Mi — TT^ 1 (Fi) of Fi G 5 is a codimension two submanifold of 
M which is fixed by a one dimensional subtorus A(F^) = A (Mi) of T. These Mi 
are called characteristic submanifolds of M . Since the facets of P correspond one- 
to-one to the characteristic submanifolds of M, we denote the set of characteristic 
manifolds also by 

Let IT C LT be the integral lattice in the Lie algebra of T. The characteristic 
map A : $ — > {one-dimensional subtori of T} lifts to a map A : $ — > IT = Z™ such 
that, for a subset a of 5 with f] F . erT Fi ^ 0, {A(i^); Fj G a} is part of a basis of 
IT. Note that each A(M^) is unique up to sign. We call A a characteristic function 
for M. 

Dual to P there is a simplicial complex K with vertex set A subset a C J is 
a simplex of K if and only if f] F ea . Fi ^ 0. 

Note that M is determined by the combinatorial type of P (or K) and A up to 
equivariant homeomorphism 1, Proposition 1.8]. This construction motivates the 
following definition. 

Definition 2.1. Let if be a simplicial complex of dimension n — 1 with vertex set 
5- Moreover let T be an n-dimcnsional torus and A : $ — > PT = Z™ a map such 
that for all simplices a of K the set {A(i*i); Fj £ a} is part of a basis of IT. Then 
we call (K, A) a characteristic pair. 

An omniorientation of a quasitoric manifold M is a choice of orientations for 
M and all characteristic submanifolds of M. An omniorientation of M induces a 
complex structure on all normal bundles of the characteristic submanifolds. These 
complex structures may be used to make the map A unique by requiring that 
the S^-action induced by A(M^) on the normal bundle of Mi is given by complex 
multiplication. 

The cohomology 7J*(M;Z) was computed by Davis and Januszkiewicz [I] The- 
orem 4.14]. It is torsion-free and generated by the Poincare-duals PD(Mi) of the 
characteristic manifolds. If we choose A as above, then these Poincare-duals are 
subject to the following relations 

(2.1) = ^2 (v, \{Mi))PD(Mi) for all v E IT* 

and, for g c5, 

= Y[ PD{Mi) a is not a simplex of K. 

If a is a simplex of K, then, because {X(Fi); Fi G a} is part of a basis of IT, 
we may choose an isomorphism IT — > Z", such that the A(Fi)'s are given by the 
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columns of a matrix of the form 

1 \ 

A' > 
1 / 

where the first #<r columns of A correspond to the Fj G a. We call such a matrix 
a characteristic matrix of M. If V\, . . . , v n is the basis of IT* dual to the standard 
basis of IT = Z n , then the coefficient (vj, A(Mj)) in equation (I2.ip is the i-th entry 
of the jth row of A. Hence, one can read off all relations in (|2.ip from the matrix 
A. 

We are interested in the symmetries of M. Since quasitoric manifolds are deter- 
mined by their characteristic pairs, we should also study automorphisms of charca- 
teristic pairs. Therefore we define: 

Definition 2.2. Let (K, A) be a characteristic pair. Then we define the automor- 
phism group of (K, A) to be 

aut(#,A) ={(/,<?) Gaut(FQ x aut(T); LjoA = Ao/}. 

Lemma 2.3. Let M be a quasitoric manifold. Choose an omniorientation on M 
such that for two characteristic submanifolds Mi , M 2 C M we have 

PD{M 1 ) = ±PD{M 2 ) PD(M-i) = PD{M 2 ). 

For a G H 2 {M) let 

da = {Mi G ff; PD(Mi) = a}. 
Then there is a unique homomorphism <p : Y[ a eH 2 (M) S$a) ^ &ut(K, A) such that 
ip ° 4> '■ Yl a eH 2 (M) S(3a) $(30 * s the standard inclusion. Here, ip : aut(if, A) — > 
5(5') is i/ie natural projection. 

Proof. Let cr G Ila£fl ! (Afi) S{-5a) C S'(g')- If (/,<?) is an element of aut(if, A) such 
that ip((f,g)) — cr, then we must have / = a and Lg(X(Fi)) = A(er(Fj)) for all 
Fj G 5- Since IT is generated by the A(Fj), Fi G 3 is uniquely determined by <r. 
Therefore a homomorphism : Yi a eH 2 (M) ^(■Sa) aut(if, A) with the properties 
described in the lemma is unique, if it exists. 

Now we show that <f> exists. Let a G Y[ a eH 2 (M-i.) $G?a) C S($). Then we have, 
for led, 

D Fi = ^ JJ PD(Mi) = 11 PD(a(Mi)) = f| cr(F) = 0. 

F 4 eJ MiEl Mf GJ F 4 eJ 

Therefore cr is an automorphism of X. 

Now let Fi, . . . , F„ G 5 such that f|Li F i # 0- Then M F i), •■•■> M F n) is a 
basis of JT. Moreover, since a is an automorphism of K, the same holds for 
X(a(Fi)),...,X(a(F n )). 

Therefore we may define an autormorphism g a of T by Lg a (X{Fi)) = X{o~{Fi)) 
for i — 1, . . . , n. Let vi, . . . ,v n be the basis of IT* dual to A(F,), . . . , A(F„) and 
v[,...,v' n the basis of IT* dual to A(er(Fj)), . . . , A(<r(F n )). Then we have, for i — 
l,...,n, 

<«i. A(M i ))PU(M J ) = -PD(Mi) = -PD{a(Mi)) 

M j £S-{M 1 ,...,M n } 

M 3 e3-{<T(Mi),..., CT (M„)} 

2 (^ ! A(cr(M J -))>PF'(M J -) 

M J -SS'-{M 1 ,...,A/„} 
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Since {PD(-Mi); M, ej - {Mi,...,M n }} is a basis of H 2 (M), it follows that 
Lg a {X{Mi)) = X(a(Mi)) for all M £ ff. 

Therefore (cr, go-) £ aut(-?T, A) and we define <j>{cr) = (<r,g a ). □ 

Lemma 2.4. Let M be a quasitoric manifold as in Lemma \2.S[ Then for x £ M T 
and a £ H 2 (M) we have 

#S Q - 1 < #{M £ £ Q ; x £ Mi} < #£ Q 

Proof. It follows from the relations (12.11) that the Poincare duals of the M, £ 5, 
x ^ Mi, form a basis of H' 2 (M). □ 



3. Constructing group actions 

In this section we construct an action of a compact connected Lie-group on a 
quasitoric manifold which extends the torus action. 

Before we do that we explain how an action of a compact connected Lie-group 
on a quasitoric manifold M induces a homomorphism of the Weyl-group W(G) — > 
aut(if, A). Here and in the following we choose an omniorientation of M as in 
Lemma 12.31 

Assume that there is a compact connected Lie-group G such that a hnitc quotient 
of G acts on M by an extension of the T-action. Then M is called a quasitoric 
manifold with G-action. 

By Lemma 2.8 of [5], G has a covering group of the form Jli=i SU(U + 1) x T l °. 
Moreover, if g £ NqT and Mi £ 5, then gMi is a characteristic submanifold of M. 

Therefore we get an action of W(G) on 5- Since G is connected, this action 
identifies W(G) with a subgroup of Il Q G-ff 2 (Af) ^{■Sa) c ^(SO- There are disjoint 
subsets #1, . . . ,3ffc of J such that W(5J7 (Zj + 1)) is identified with C 5(5") for 

i = 1, . . . , k Section 2]. We call the set of characteristic submanifolds of M 
which are permuted by W(5E/(Zj + 1)). 

Moreover, W(G) acts on T by conjugation. The actions of W(G) on T and # 
induce an action of W(G) on the characteristic pair (K, A). The homomorphism 
W(G) — >• aut(if , A) corresponding to this action is the restriction of the homomor- 
phism <f) constructed in Lemma [231 to W(G). 

Now we state the main theorem of this section. 

Theorem 3.1. Let M be a quasitoric manifold as in Lemma \2.lA Then there is a 
smooth structure and a smooth action of a compact connected Lie-group G on M 
which extends the torus action such that W(G) = Y[ a eH 2 (M) ^('Sod- 
Proof. We prove this theorem by induction on the dimension of M. If dim M = 
or #3a < 1 for all a £ H 2 (M), then there is nothing to prove. Therefore assume 
that there is an a £ H 2 (M) such that #£ Q > 2. 
By Lemmas 12.31 and 12.41 there are two cases: 

(!) fW» a M i = and ' for a11 M *o 6 5a n Mi eS a -{M i0 } M ^ 0, 

(2) n Mieffa m ^ 0. 

We consider at first the case ([T]). In this case we have with N = Hm -{a/ } Mj 
that 



(1) M/T = A* 5 "" 1 x iV/T and 
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/I 



A(M) 



-1 

1 -1 
Ai 

A fc 



A(A) 



\0 ... A fc / 

where A(M) and A(JV) are the characteristic matrices of M and N, respec- 
tively. Here the first columns correspond to the facets in $ a . They are of 
the form F x N/T, where F runs through the facets of A*' 0-1 . 

We show at first (fTJ. If this is shown then (|2J) follows immediately from (|2.1[) . Let 
Mi £ ${M)-$ a , then by Lemmas EHfl and EH1 we must have NnMi ^ 0. Therefore 
we have a bijection $(M) — $ a — > $(N). Because, by the same lemmas, the 
intersection of M il , . . . , M ik £ $(M) — $ a is empty if and only if N n C\j=i M^ = 0, 
(fTJ) follows. 

Therefore, by Proposition 1.8 of [I], M is equivariantly homeomorphic to 

Here the action of S 1 on N is induced by the homomorphism <fi : S 1 — > T' to the 
torus, which acts on N, defined by fx = (Ai, . . . , Afe)' = X)m;g5 q A(Mj). Moreover, 
S 1 acts on S 2 * 5 "^ 1 C C 2#5 ° by multiplication. 

By the induction hypothesis there is a compact connected Lie-group G' which 
acts on N by an extension of the torus action, such that G 1 realizes the action of 
Y\.peH 2 (N) S($p) 011 the simplicial complex dual to N/T. 

Then the action of SU(#$ a ) x G' on S 2 * 3 "^ 1 x induces an action of G = 
SU(#$ a ) x ZcifiiS 1 )) on M such that the action of G/H extends the torus action. 
Here Zc(4>(S 1 )) is the centralizer of (j)^ 1 ) m G' an d H is the ineffective kernel of 
the G-action on M. 

From Lemma 2.5 of [S] we know that W{SU(#$ a )) = S($ a ). Therefore we have 
to show that 

W(Z G ,(<f>(S 1 )))= [] S(dp(M))c I] S($ f) (N)) = W(G'). 



/3£H 2 (M)-{a} 



P<EH 2 (N) 



It follows from the remarks at the beginning of this section that W{Zqi ((^(S 1 ))) is a 
subgroup of Up & H*(M)-{a} S(dp(M)). Therefore let w £ Ufiem(M)-{ a } S($p(M)). 
Since YlpeH 2 (M)-{a} S(d/3(M)) is generated by transpositions, we may assume that 
w is a transposition. 

Let Mi, ... , M m > £ $(M) - # Q such that f|™'i M; n N is a single point. Then 
A(Mi), . . . , A(M m <) form a basis of IT'. Let vi, ■ ■ . , tw be the dual basis of IT'* . 
Let i £ {1, . . . , m'}. At first assume that w(Mi) — Mi> with i' £ {1, . . . , m'}. Then 
we have 



A*>a + \{M j ))PD{M j 



—PD(Mi) = -PD(M lt ) 

(vi,,ii)a + J2(vi> , X(Mj))PD(Mj). 



Here the sums are taken over those characteristic submanifolds of M which do not 
belong to $ a U {Mi, . . . , M m >}. Their Poincare duals together with a form a basis 
of if 2 (M) . Therefore we have 



(Vi,fj) = (Vi>,(i) = (w*Vi,fl) = (Vi,W*fl). 
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Now assume that w(Mi) ^ M x , . . . , M m , . Then, because PD{M{) = PD{w{Mi)) 
we must have {v u X{Mj)) = for all M 3 £ $(M) - {M h w(Mi)}. This implies 
{vi,jjL) — 0. Moreover, we have 



(vi,w*n) = y]{vj, w*\(Mj))(vj, /i) 
i=i 

£ (v h \(M j ))(v j ,n) = 0. 

je{l,...,m'}-{i} 

Therefore we have /i = This implies w £ M / (Zg/(0(S' 1 ))). Hence, the claim 
follows in this case. 

Now assume that Hm e5 is non-empty. Then let M be the blow-up of M 
along Hm eg ( see Section 4 of [5] for details). If we write the characteristic 
matrix of M in the form 



(3.1) 



V 



A' 



1 



such that the first #5 ' a columns correspond to the Fi £ $ a , then the characteristic 
matrix of M is given by 



A 



A' 



V 



1 



-1\ 

-1 




0/ 



where the proper transforms of the characteristic submanifolds of M are ordered as 
in (|3.ip . the last column corresponds to the exceptional submanifold and the first 
ifBa entries in this column are equal to —1. 

Hence two characteristic submanifolds of M have the same Poincare-duals if 
and only if there proper transforms have the same Poincare-duals. Moreover, the 
Poincare-dual of the exceptional submanifold is distinct from the Poincare-duals of 
the other characteristic submanifolds of M. 

By the first case there is a G-action on M which extends the torus action. Since 
the exceptional submanifold is fixed by 0(5 1 ), we can G-equivariantly blow down 
M along the exceptional manifold to get a G-action on M (see [5J Section 4] for 
details). □ 

Corollary 3.2. The group G constructed in Theorem \3. 1\ has a covering group of 
the form U a eH^M;Z) SU(#Z a ) x T l ° . 

Proof. This follows from the results of Section 2 of [S] and the description of the 
W A (G)-action on J given in Theorem 13. II □ 

In [3] we proved that the equivariant smooth structures on a quasitoric manifold 
correspond one-to-one to the smooth structures on its orbit space. We will show 
that the G-action constructed in Theorem 13. II is smooth with respect to the smooth 
structure on M which corresponds to the natural smooth structure on the simple 
polytope P. This will follow from the proof of Theorem 13.11 Corollary 5.3 of [J] 
and the following lemma. 
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Lemma 3.3. In the situation of Theorem 5.16 o/[S] we have: N/T is diffeomorphic 
to a simple polytope if and only if M/T is diffeomorphic to a simple polytope. 

Proof. If M/T is diffeomorphic to a simple polytope, then N/T is diffeomorphic to 
a simple polytope because N/T is a face of M /T. 

So we only have to prove the other implication. If N/T is diffeomorphic to a 
simple polytope, then all face-preserving homeomorphisms constructed in the proof 
of the cited theorem may be replaced by diffeomorphisms. So if we follow the proof 
of this theorem we end-up with a diffeomorphism 

5 : Fi x A' 1 -> Fi x A' 1 , 

which we want to extend to a diffeomorphism F\ x A' 1+1 — > F\ x A' 1+1 . That this 
is possible follows from Theorem 5.1 of [4] because every facet of F\ x A' 1 of the 
form Fi x F, where F is a facet of A' 1 , is mapped my g to a facet of the same 
form. □ 

Corollary 3.4. The action of the group G constructed in Theorem ] 3. 1\ is smooth 
with respect to the smooth structure on M corresponding to the natural smooth 
structure on P. 

Proof. We use the same induction and notations as in the proof of Theorem 13. II If 
the G'-action on N is smooth with respect to the smooth structure on N for which 
N/T is diffeomorphic to a simple polytope, then by Lemma 13.31 the G-action on 
M is smooth with respect to the smooth structure for which M/T is diffeomorphic 
to a simple polytope. Since two simple polytopes are combinatorially equivalent if 
and only if they are diffeomorphic [H Corollary 5.3], it follows that the G-action on 
M is smooth with respect to the smooth structure for which M/T is diffeomorphic 
to P. □ 



4. Classification 

Let G be a compact Lie-group with maximal torus T. A quasitoric manifold 
with G-action is a smooth G-manifold M such that M together with the action of 
the maximal torus of G/H is a quasitoric manifold. Here H is a finite subgroup of 
G which acts trivially on M. In [5] we classified quasitoric manifolds with G-action. 
As a first step towards this classification we showed that G has a covering group of 

the form SU ( l i + x T '°- 

The classification was given in terms of admissible triples (ip, N, (A\, . . . , Afc)), 
where 

• V is an homomorphism Yli=i S(U(k) x U(l j) — > T l " . 

• N is a 2n-dimensional quasitoric manifold. 

• The Ai are characteristic submanifolds of N or empty. If A{ is non-empty 
then ha.'il>\s(u(i i )xu(i) acts trivially on Ai and ker ip\s(u{h)xu{i)) = SU(h). 

Two such triples (ip, N, (A x , . . . , A k )) and (ip', N', (A[, . . . , A' k )) are called equiv- 
alent or diffeomorphic if 

• ip\s(u(h)xu(i)) = i>'\s{u(h)xu(i)) if h > 1- 

• i>\s(u(h)xu(i)) = V'' ±1 |s((7(i,)x;7(i)) if h = 1- 

• There is an T'°-equivariant diffeomorphism / : N — > N' such that f(Ai) — 
A[ for all i. 

The main theorem of [5] may be formulated in the following way: 

Theorem 4.1 (0 Theorem 8.6]). Let G = ]\ k l=1 SU(h + 1) x T l ° . Then the 
G-equivariant diffeomorphism classes of quasitoric manifolds with G-action are in 
one-to-one correspondence with the diffeomorphism classes of admissible triples. 



8 



MICHAEL WIEMELER 



We call two admissible triples (if), N, (A lt . . . , A k )) and (if)', N', (A[, . . . , A' k )) 
homeomorphic if 

• ^U(a(ii)xt/(i)) =ip'\s(U(i i )x.u{i)) if h > 1- 

• ip\s(u(ii)xu(i)) = '0 /±1 ls(c/(Zi)x(7(i)) if h = 1- 

• There is a T'°-equivariant homeomorphism / : N — > N' such that f(Ai) = 
A\ for all i. 

With this notation we have the following classification of quasitoric manifolds 
with G-action up to G-equivariant homeomorphism. 

Theorem 4.2. Let G — n«=i SU(li + 1) X T'°. TTien the G-equivariant home- 
omorphism classes of quasitoric manifolds with G-action are in one-to-one corre- 
spondence with the homeomorphism classes of admissible triples. 

Proof. At first note that the homeomorphism type of the admissible triple corre- 
sponding to a quasitoric manifold with G-action depends only on the G-equivariant 
homeomorphism type of M because N and the Ai may be identified with inter- 
sections of characteristic submanifolds of M and if) depends only on the isotropy 
groups of points in these intersections (see Sections 5 and 8 of [5] for details) . 

Because by the proof of Corollary 8.8 of [5] M/G = N/T la , it follows from 
Lemma l4.3l below that the homeomorphism type of the admissible triple determines 
the G-equivariant homeomorphism type of M. □ 

Lemma 4.3. Let M be a quasitoric manifold with G-action, G — Yii=i SU(li+l) x 
T l " . Then M is equivariantly homeomorphic to M/GxG/ ~, where (x,g) ~ (x',g r ) 
if and only if x — x' and gg'^ 1 S H x . Here the groups H x depend only on x and 
the admissible triple corresponding to M . 

Proof. We prove this lemma by induction on the number of simple factors of G. 
If G is a torus then this lemma is due to Davis and Januszkiewicz [TJ Proposition 
1.8]- 

Therefore we may assume that there is at least one simple factor. There are two 
cases: 

(1) M sc/ ^ +1 ) = 

(2) M su ^+V ± 0. 

In the first case we have by Corollary 5.6 of [5] 

M = SU(h + l) x S (u(h)xu(i))M', 

where M' is a quasitoric manifold with G'-action, G 1 = n* =2 SU(k + 1) x T l °. The 
action of S(U(li) x U(l)) on N is induced by the homomorphism 

- (V|s(ir(iOxff(i)))" x : s ( u ( 1 ^ x T l °, 
where if) is the homomorphism from the admissible triple of M. Moreover, by the 
proof of Corollary 8.8 of [5], we have M/G = M'/G'. Therefore by the induction 
hypothesis we have 

M = SU(h + 1) x s{u{h)xU{1)) (M/G x G'l . 

For a subgroup H' x of G' we have 

SU(h + 1) x smi)xU(1)) (G'/H' x ) - (SU(h + 1) x G')/(4>1&g>)- x (H' x ). 

Therefore the statement follows in this case with H x — (^Idc)" 1 (H' x ) . 

l{M SU(h+l) 

is non-empty. Then M is the blow-down of some quasitoric manifold 
M with G-action but without SU(h + 1) fixed points. Let F : M -> M be the 
projection. Then we have M — M / ~", where y ~" y' if and only if there is a 
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g G SU(h + 1) such that gy = y' in the case y,y' G F- 1 (M su( - h+1 '>) or y = y' 
otherwise. 

Since under the identification of M / G with N/T l ° given in the proof of Corollary 
8.8 of 5 M su( - h +V/G is identified with A x /T l °. for x G M su( - h+1 ^/G, we have 
im <j) — im %j) C H' x . 

Therefore we have S(U{h) x 17(1)) x H' x = (</)Id G ') _1 (K) if x G M sc/ ( Zl+1 )/G. 
Hence the statement follows with 

_ (sU(h + l)xH' x iix e M su< - h +V/G 
x ~ |(^Id G ') _1 (^) if x ^M su ^ +1 )/G. 

□ 

Theorem 4.4. Let G = \[ k i=l SU(k + 1) x T l ° and M, M' be two quasitoric 
manifolds with G-action. Let T be a maximal torus of G. Then M and M' are G- 
equivariantly homeomorphic (diffeomorphic) , if and only if they are T-equivariantly 
homeomorphic (diffeomorphic). 

Proof. Without loss of generality we may assume that T is the standard maximal 
torus of G. Let (ip, N, (Ai, . . . ,Ak)) be the admissible triple corresponding to M. 
We show that (ip, N, (Ai, . . . , Ak)) is determined up to homeomorphism (diffeomor- 
phism) by the homeomorphism (diffeomorphism) type of the T-action on M. 

At first, by Lemmas 2.7 and 2.10 of '5 , the characteristic submanifolds which 
are permuted by the Weyl-group W(SU(k + 1)) are exactly those characteristic 
manifolds Mj for which ^ o X(Mj) is non-trivial. Here Hi : G — > SU(U + 1) is 
the projection. Denote by 5z the set of the characteristic submanifolds which are 
permuted by W(SU(k + 1)). 

If li > 1, there is exactly one Mj t £ $i such that X(Mj i ) is fixed by W(S(U(k) x 
[7(1))). Because for each Mj 6 Si we have dim(7TjO X(Mj); Mj € Si — {Mj }) = k, 
Mj i is the only characteristic submanifold such that iri o X(Mj i ) is contained in the 
center of S(U{k) x U(l)). 

If li = 1, then Si has exactly two elements and any choose of a Mj i S Si leads 
to the same equivalence class of admissible triples (see [SJ Section 5] for details). 

Then we have 
k 

N=f) P| Mj and A i = Nr\M ji . 

By its construction in the proof of Lemma 5.3 of [5], the homomorphism 
depends only on the Y[ k i=l S{U{U) x f7(l)) x ^-representation T X M with x G A^ T '° . 
Since T is a maximal torus of Y\a=i (h) xU(l)) xT l °, this representation depends 
only on the T-equi variant homeomorphism type of M. 

Now the statement follows from Theorem 14.21 □ 

5. Uniqueness 

In this section we prove that the group constructed in section [3] is a maximal 
compact connected Lie-subgroup of the homeomorphism group of M which contains 
the torus and that it is unique up to conjugation. 

Lemma 5.1. Let M be a quasitoric manifold with G-action, G = JX_i SU(li + 
1) x T l ° and T a maximal torus of G, such that T l ° acts effectively on M. Denote 
by Si, i — 1, • ■ • j k, the set of characteristic submanifolds of M which are permuted 
by W(SU(li + 1)). Moreover, let So = S — Uj=i Then we have: 
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(1) The subgroup of G which acts trivially on M is given by 

k 

H = {(«?, VG?)) e G; .g e z(Q S^ft + 1))}- 

4=1 

(2) Let M\ be a characteristic submanifold of M which belongs to and x £E 
Mi a generic point. Then T x is connected and 

H DT X = {(g,i)(g)) G G; g e Z(SU(h + 1))} 

if i > 0. If i = then T x is connected and H C\T X = 1. 

Proof. At first we prove ([1]). We prove this statement by induction on k. If k = 0, 
then there is nothing to prove. Therefore assume that k > and that the statement 
is proved for all quasitoric manifolds with G' = JIi=2 (U + 1) x T'°-action. With 
the notation from the proof of Lemma 14.31 the subgroup of G which acts trivially 
on M is given by 

H= f) gB x g- x = p| g^\A G ,r\B' x )g- 1 

xeM/G.geG x£M/G,geG 

= n s^MflO-^ n 9'H'j- i )g- 1 

g£SU(h + l) x£M/G,g'£G' 

geSU(h + l) x£M/G,g'eG' 

= fte2(S(7(!i + i))},ff') 

= {(9,*))eG; ge^n^ft + l))}. 

4=1 

Here i/' denote the subgroup of G' which acts trivially on N. 

Now we prove the second statement. At first assume i > 0. After blowing up M 
along the fixed points of SU(U + 1), we may assume that 

M = SU(h + l) x s(u{h)xU{1)) N. 

Then there is an SU(li + l )-equivariant projection p : M — > CP li . The characteristic 
submanifold Mi of M is given by a preimage of a characteristic submanifold CP X ; 
of CP li . Now we have 

T x = {(t,V(t))€T; 4G2J,,}, 

where T z ' denotes T n SU(h + 1). Since 2^/^^ contains the center of SU(k + 1) the 
statement follows in this case. 

If i = 0, then it follows from Lemma 2.10 of [5] that T x is contained in T l °. 
Therefore the statement follows in this case. □ 

Lemma 5.2. Let M be a quasitoric manifold and T the torus which acts on M 
by <fi : T — > Homeo(Af). Let Gj, j = 1,2, be compact connected Lie-groups and 
lj : T — > G, j = 1,2, embeddings of T as maximal tori of Gj. Assume that 
there are effective actions <f>j : Gj — > Homeo(Af), j = 1,2, such that (j) = <f>j o tj 
for j — 1,2. Moreover, assume that the natural actions of W(Gj), j = 1,2, on 
5 induce identifications ofW(Gi) and WiG^) with a given subgroup H of S($). 
Then 4>\(G\) and 4>2 (G2) are conjugated in Homeo(M). 

Proof. Since the Weyl-groups of Gi and G2 are isomorphic. There is a group of 
the form G = ^=1 Su ( l i + 1) x and coverings <pj : G -> Gj, j = 1, 2. 
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Because all maximal tori in G are conjugated, we may assume that there is a 
maximal torus T of G such that T = <pj (ij(T)), j = 1, 2. Let i/j be the automor- 
phism of LT given by (Lipi)^ 1 o Li\ o (Lt 2 ) _1 o Ltp 2 . 

Choose an omniorientation for M such that, for all characteristic submanifolds 
Mi, Mj of M, we have: 

PD(Mi) = ±PD{M J ) => PD(Mi) = PD(M j ). 

This omniorientation is preserved by the actions of Gi and G 2 . Denote by A the 
characteristic function for the T-action on M. Moreover, denote by Xj (Mi), j = 1,2, 
Mi £ J, a primitive vector in IT which generates the isotropy group of a generic 
point in Mj with respect to the T-action <pj o tpj . We choose this primitive vector 
in such a way that it is compatible with the omniorientation chosen above. 
Then by Lemma [57X1 we have, for all Mk £ fo, i > 0, and j = 1, 2, 

LlJ 1 o Ltpj(Xj(Mk)) = (k + l)A(M fe ). 

For Mfe s Jo we have 

Li7 1 oi^(A i (M fe )) = A(M fe ). 

This implies that i/)(X 2 (M k )) = Ai(M fe ). Therefore for to £ we have by 

Lemma 2.10 of [5] 

(5.1) i>(X 2 (wM k )) = Ax^Mfc) = wAiCM^u;- 1 = ^(^(M^uT 1 

(5.2) X 2 {wM k ) = w\ 2 (M k )w- 1 . 

It follows that tp is an automorphism of the W / (G)-representation LT. Because each 
irreducible non-trivial summand of LT appears only once in a decomposition of LT 
in irreducible representations, it follows from Schur's Lemma that the restriction of 
if> to the Lie-algebra of the maximal torus Tj of a simple factor SU(k + 1) of G is 
multiplication with a constant cij G M. 
Therefore we have 

q 1 o ipi(fi) = q 1 o ip 2 (fi). 

Denote this subtorus of T by Tj. By Lemma 15.11 we have that 

ITi/Lq 1 o Lfi(ITi) = ker t^ 1 o^i nli = ker t^ 1 o ip 2 D Tj = ITi/Lq 1 o Lip 2 (ITi). 

Note that 7y- = (Xj(Mk); Mk 6 3) H /Tj is a lattice of maximal rank in ITi. Then 
we have 

lITi/Lt^oLtpxilTi)] 
= \miLq 1 oLy 2 (I i2 )\ 
im/Lq 1 oL^ 2 (lfi)\ 

= \lfi/I i2 \ = ^ifi/Ia], 

because ip(Ii 2 ) = hi- Therefore we must have a, = ±1. Therefore there is an 
automorphism of G with L^ = ip. Now the statement follows from Theorem 14.41 
applied to the G-actions 4>\ o ipi o $ and (j) 2 o tp 2 . □ 

Remark 5.3. If, in the situation of Lemma 15.21 both Gj-actions are smooth with 
respect to the same smooth structure, then it follows from Theorem 14.41 that <fii(Gi) 
and (f> 2 (G 2 ) are conjugated in Diff(M). 
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Theorem 5.4. Let M be a quasitoric manifold and G C Homeo(Af), the group 
constructed in section^ If G' is an other compact connected Lie-group which acts 
by an extension of the torus action on M . Then G' is conjugated in Homeo(M) to 
a subgroup of G. If the G and G' -actions are smooth for the same smooth structure 
on M, then G' is conjugated in Diff(Af) to a subgroup of G. 

Proof. Let $ = Si II- • -ESfc be a partition in W(G')-orbits. Then we have W(G') = 
Yli—i S(-&k)- Moreover since the G'-action on H*(M) is trivial it follows that the 
sets 3a, ol £ H 2 (M), are M^(G')-invariant. 

This gives as an homomorphism W(G') — > W(G) = Y\ a ^H 2 (M) S(-5a)- There is 
a subgroup of maximal rank of G whose Weyl-group is given by the image of this 
homomorphism. Therefore the statement follows from Lemma 15.21 □ 

Now we have proven all parts of Theorem 11.11 besides the statement about the 
symplectic toric manifolds. To prove this part we first recall the construction of a 
maximal compact Lie-subgroup of the symplectomorphism group of a symplectic 
toric manifold due to Masuda [2]. An alternative construction of this group was 
given by McDuff and Tolman [3] . 

He showed that there is a root system R(M) such that the root system of every 
compact connected Lie-subgroup of the symplectomorphism group which contains 
the torus is a subroot system of R(M). Moreover, he constructed a compact Lie- 
subgroup G' of the symplectomorphism group which contains the torus and has a 
root system isomorphic to R(M). 

The proof of the first part of Masuda's results is also valid for any compact 
connected Lie-subgroup of the homeomorphism group of M which contains the 
torus and preserves the omniorientation induced by the symplectic form on M. 
Therefore G and G' are conjugated, if the G-action preserves this omniorientation. 

Hence, it is sufficient to prove that if Mi and M 2 are characteristic submanifolds 
of M with PD{Mx) = ±PD(M 2 ), then we have PD(M 1 ) = PD(M 2 ). We consider 
two cases Mi n M 2 = and M_i n M 2 ^ 0. We should note here that if M is a 
symplectic toric manifold then A(-Fj) is the outward normal vector of the facet Ft 



Let ei, . . . , e„ be the standard basis of W 1 . In the first case we may assume that 
{0} = Fx n flS 1 F i c Rn and M F i) = ei, X(Fi) = e,_i for i = 3, . . . , n+ 1. It 
follows from PD(M t ) = ±PD{M 2 ) that A(F 2 ) = ±ei + E^/i^e* and X(Fj) = 
Xa=2 (Mj&i f° r j > n + 1 with [iij € Z. Therefore P n (ei) is an interval with 
boundary (ei) n [F\ U F 2 ). Hence we must have X(F 2 ) = —e\ + Y^i= 2 IHiZi- This 
implies PD(Mi) = PD(M 2 ). 

Now consider the case Mi n M 2 ^ 0. 

Without loss of generality we may assume that {0} = HILi F C K™ and A(i^) = 
ei for i = 1, ... n. 

Assume that PD(Mi) = -PD(M 2 ). Then for all Fj e J, j > n, there are 
Hoj , fJ>3j , ■ ■ • , Unj G Z such that 



Because the X(Fj) are the outward normal vectors of the facets of P it follows that 
Pn (ei, e 2 ) is non-compact. But this is impossible because P is a convex polytope. 
Therefore we must have PD{M\) = PD(M 2 ). 



of P. 



n 
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